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Abstract. We study electroweakly interacting particles in rotating matter. The existence
of the electric current along the axis of the matter rotation is predicted in this system. This
new galvano-rotational effect is caused by the parity violating interaction between massless
charged particles in the rotating matter. We start with the exact solution of the Dirac equa-
tion for a fermion involved in the electroweak interaction in the rotating frame. This equation
includes the noninertial effects. Then, using the obtained solution, we derive the induced
electric current which turns out to flow along the rotation axis. We study the possibility
of the appearance of the galvano-rotational effect in dense matter of compact astrophysical
objects. The particular example of neutron and hypothetical quark stars is discussed. It
is shown that, using this effect, one can expect the generation of toroidal magnetic fields
comparable with poloidal ones in old millisecond pulsars. We also briefly discuss the gen-
eration of the magnetic helicity in these stars. Finally we analyze the possibility to apply
the galvano-rotational effect for the description of the asymmetric neutrino emission from a
neutron star to explain pulsars kicks.
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1 Introduction
The importance of noninertial effects for various areas in modern physics cannot be under-
estimated. Some of the examples of these effects are mentioned in ref. [1]. One of the most
common manifestations of noninertial effects is the description of physical processes in a ro-
tating frame. One can expect the appearance of additional interesting phenomena if, besides
the matter rotation, there is a parity violating interaction in the system. In the present work
we will show that, in this situation, an electric current flowing along the rotation axis can be
induced. We shall call this phenomenon as the new galvano-rotational effect (GRE).
Previously the generation of an electric current due to nontrivial topological effects was
studied mainly in connection to the chiral magnetic effect (CME) [2]. In that case a nonzero
current can be induced in the system of massless particles embedded in an external magnetic
field [3], provided there is an imbalance between left and right particles. Recently, in ref. [4],
we showed that the electric current can be generated even at zero chiral imbalance if charged
particles are involved in the parity violating interaction.
We will apply the new GRE in astrophysical media to generate a toroidal magnetic
field (TMF) inside a compact star. Although stellar TMFs cannot be observed directly, they
are an internal ingredient of various astrophysical objects. For example, the most plausible
explanation of the 22 yr solar cycle is the oscillation between poloidal and toroidal components
of the solar magnetic field [5]. Moreover, purely poloidal or toroidal stellar magnetic fields
were shown in refs. [6, 7] to be unstable. Thus TMF is inherent to a magnetized star. In this
work we show how TMF can be generated in an old millisecond pulsar basing on GRE.
Since macroscopic fluxes of electroweakly interacting particles are produced by GRE,
we can try to apply this effect to explain linear velocities of millisecond pulsars. It is known
from astronomical observations [8] that pulsars possess great linear velocities. Nevertheless
physical processes underlaying pulsar kicks are still unclear. It might be reasonable to use
GRE to account for pulsars kicks due to, e.g., anisotropic neutrino emission since linear
velocities of pulsars were reported in ref. [9] to be correlated with their angular velocities.
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This paper is organized in the following way. First, in section 2, we briefly describe
the Standard Model interaction between leptons and quarks in flat space-time. Then, in
section 3, we derive the Dirac equation for a fermion which interacts electroweakly with a
rotating background matter. For this purpose we write down this Dirac equation in the
corotating frame, using the method of an effective curved space-time. The exact solution of
the Dirac equation for an ultrarelativistic fermion, accounting for the noninertial effects, is
obtained in section 3. In section 4, we establish GRE, which, in this situation, consists in
the appearance of the electric current along the rotation axis. We calculate this current in
section 4 using the exact solution of the Dirac equation obtained in section 3. In section 5, we
apply GRE for the generation of TMF and the magnetic helicity in compact rapidly rotating
stars. Finally, in section 6, we try to use GRE to produce anisotropic neutrino emission from
pulsars to explain their great linear velocities.
In section 7, we summarize our results and compare them with the findings of other
authors. Some details of the derivation of the electric current in rotating matter are provided
in appendix A.
2 Electroweak interaction of fermions in flat space-time
In this section we shall briefly remind the description of the electroweak interaction between
leptons and quarks in flat space-time.
Let us consider a medium consisting of electrons, electron neutrinos νe as well as u and
d quarks. We shall assume that quarks are both in confined states, forming nucleons, and
hypothetical free particles. The effective Lagrangian for the electroweak interaction in this
system in the Fermi approximation has form [10],
Leff = −4GF√
2
[
JµJ†µ +K
µKµ
]
, (2.1)
where GF ≈ 1.17 × 10−5GeV−2 is the Fermi constant, Jµ is the charged current, and Kµ is
the neutral current.
In the considered system of elementary particles, the charged current has the form,
Jµ = Vudψ¯uγ
L
µψd + ψ¯νeγ
L
µψe, (2.2)
where ψu,d are the wave functions of u and d quarks, ψνe,e are the wave functions of νe and
an electron, γLµ = γµ
(
1− γ5) /2, γµ = (γ0,γ) are the Dirac matrices, γ5 = iγ0γ1γ2γ3, and
Vud ≈ 0.97 is the element of the Cabbibo-Kobayashi-Maskawa matrix. The neutral current
can be expressed as
Kµ =
∑
f=u,d,e,νe
[
ǫLf ψ¯fγ
L
µψf + ǫ
R
f ψ¯fγ
R
µ ψf
]
, (2.3)
where γRµ = γµ
(
1 + γ5
)
/2 and
ǫLe = −
1
2
+ ξ, ǫLνe =
1
2
, ǫLu =
1
2
− 2
3
ξ, ǫLd = −
1
2
+
1
3
ξ,
ǫRe = ξ, ǫ
R
νe = 0, ǫ
R
u = −
2
3
ξ, ǫRd =
1
3
ξ. (2.4)
Here ξ = sin2 θW ≈ 0.23 and θW is the Weinberg angle.
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Test
particle
Background
particles
VL VR
electron nucleons −GF√
2
[nn − np(1− 4ξ)] (2ξ − 1) −GF√2 [nn − np(1− 4ξ)] 2ξ
νe nucleons &
electrons
−GF√
2
[nn − 2ne] 0
u quark d quarks −GF√
2
nd
(
1− 83ξ + 169 ξ2 − 2|Vud|2
)
GF√
2
nd
(
4
3ξ − 169 ξ2
)
d quark u quarks −GF√
2
nu
(
1− 103 ξ + 169 ξ2 − 2|Vud|2
)
GF√
2
nu
(
2
3ξ − 169 ξ2
)
Table 1. The values of the effective potentials VL,R in eq. (2.5) for various channels of the scattering
of a test fermion off background particles. Here ne is the electron density, nn,p are the densities of
neutrons and protons, and nu,d are the densities of u and d quarks.
In this section we shall consider the case when background fermions are at rest and
unpolarized. While averaging the currents in eqs. (2.2) and (2.3) over the Fermi-Dirac dis-
tributions 〈. . . 〉, in this case we get that only
〈
ψ†fψf
〉
= nf 6= 0, where nf is the invariant
number density of these fermions. The quantities
〈
ψ¯fγψf
〉
= 0 and
〈
ψ¯fγ
µγ5ψf
〉
= 0 are
vanishing since they are proportional to the macroscopic velocity and the polarization.
After averaging over the ensemble of background particles, we can rewrite eq. (2.1) in
the form,
Leff = −ψ¯
[
γL0 VL + γ
R
0 VR
]
ψ, (2.5)
where ψ is the wave function of a test fermion which undergoes a scattering off background
particles and the effective potentials VL,R are given in table 1 for any scattering channels.
When we consider the electron and νe scattering off nucleons, u and d quarks are
confined inside neutrons or protons. In the case of electron-nucleons interaction, only the
neutral current contributes to eq. (2.5). If we study the scattering u quarks off d quarks, and
vice versa, as well as the νe scattering off background fermions, both the charged and the
neutral currents give the contributions to eq. (2.5). To derive the expression for VL for (ud),
(du), and (νee) interactions on the basis of eq. (2.2), we use the Fierz transformation. We
also note that we consider the νe interaction with electroneutral matter where ne = np.
3 Dirac equation for a fermion interacting with rotating matter
In this section we shall find the exact solution of the Dirac equation for a fermion interacting
with a rotating matter by means of the electroweak forces. The obtained solution includes
noninertial effects.
Let us discuss the interaction of a fermion with matter rotating with the constant
angular velocity ω. In this case we cannot directly apply the results of section 2 taking〈
ψ¯fγψf
〉 ∼ vf 6= 0, where vf = (ω × r) is the fermions velocity, while averaging over the
ensemble of background particles. In the situation, when matter moves with an acceleration,
one should account for possible noninertial effects.
Nevertheless we can still choose a noninertial reference frame where matter is at rest.
Assuming that matter is unpolarized, we get that only
〈
ψ†fψf
〉
6= 0 in this reference frame.
Thus, formally we can use the effective potentials derived in section 2. For the first time this
approach was put forward in ref. [11], where the neutrino interaction with a rotating matter
was studied.
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It is known that the description of a particle in an accelerated frame is analogous
to the motion of this particle in the curved space-time or the interaction with an effective
gravitational field. For example, when we study the motion in the rotating frame, the interval
takes the form [12],
ds2 = gµνdx
µdxν = (1− ω2r2)dt2 − dr2 − 2ωr2dtdφ− r2dφ2 − dz2, (3.1)
where gµν is the metric tensor of the effective gravitational field. Here we use the cylindrical
coordinates xµ = (t, r, φ, z).
Using eq. (2.5), we get that the Dirac equation for a test fermion, with the mass m,
involved in the parity violating interaction and moving in a curved space-time, has the form
(see also ref. [11]),
[iγµ(x)∇µ −m]ψ = γµ(x)
{
V µL
2
[
1− γ5(x)]+ V µR
2
[
1 + γ5(x)
]}
ψ, (3.2)
where γµ(x) are the coordinate dependent Dirac matrices, ∇µ = ∂µ + Γµ is the covariant
derivative, Γµ is the spin connection, γ
5(x) = −(i/4!)Eµναβγµ(x)γν(x)γα(x)γβ(x), Eµναβ =
εµναβ/
√−g is the covariant antisymmetric tensor in curved space-time, g = det(gµν), and
V µL,R are the effective potentials. Note that, since we choose a corotating frame, then V
0
L,R ≡
VL,R 6= 0 and V iL,R = 0, where VL,R are given in table 1. Analogous Dirac equation was also
discussed in ref. [13].
One can check that, using the following vierbein vectors:
e µ0 = (1, 0,−ω, 0), e µ1 = (0, 1, 0, 0), e µ2 = (0, 0, 1/r, 0), e µ3 = (0, 0, 0, 1), (3.3)
the metric tensor in eq. (3.1) can be diagonalized, ηab = e
µ
a e νb gµν , where ηab = diag(1,−1,
− 1,−1) is the metric in a locally Minkowskian frame.
Let us introduce the constant Dirac matrices in a locally Minkowskian frame by γa¯ =
eaµγ
µ(x). As shown in ref. [11], γ5(x) = iγ0¯γ1¯γ2¯γ3¯ = γ5¯ does not depend on coordinates.
The spin connection in the Dirac eq. (3.2) has the form [14],
Γµ = − i
4
σabωabµ, ωabµ = e
ν
a ebν;µ, (3.4)
where σab = (i/2)[γa¯, γb¯]− are the generators of the Lorentz transformations in a locally
Minkowskian frame and the semicolon stays for the covariant derivative. The explicit calcu-
lation on the basis of eq. (3.4) shows that the nonzero components of the connection one-form
ωab = ωabµdx
µ are
ω12µ = −ω21µ = (ω, 0, 1, 0). (3.5)
Using eqs. (3.4) and (3.5) we get that iγµ(x)Γµ = iγ
1¯/2r.
Using the definition of γa¯, the Dirac eq. (3.2) takes the form,
Dψ =
(
γ0¯ − ωrγ2¯
)(
VV − VAγ5¯
)
ψ,
D =
[
iγ0¯ (∂0 − ω∂φ) + iγ1¯
(
∂r +
1
2r
)
+ iγ2¯
∂φ
r
+ iγ3¯∂z −m
]
, (3.6)
where VV,A = (VL ± VR) /2 are the vector and axial parts of the effective potentials. Note
that the operator D in eq. (3.6) is analogous to that recently studied in ref. [15].
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Since eq. (3.6) does not explicitly depend on t, φ, and z, we shall look for its solution
in the form,
ψ = exp (−iEt+ iJzφ+ ipzz)ψr, (3.7)
where ψr = ψr(r) is the wave function depending on the radial coordinate. The values of Jz
in eq. (3.7) were found in ref. [16] to be ±1/2,±3/2, . . . .
It is convenient to rewrite eq. (3.6) as[
γa¯Qa −m+ V
]
ψr = 0, (3.8)
where Qa = qa− qeffAaeff , qeff is the effective electric charge, qa = (E + Jzω − VV,−i∂r, 0, pz),
Aaeff =
(
0,
i
2qeffr
,
1
qeff
[
VVωr − Jz
r
]
, 0
)
(3.9)
is the potential of the effective electromagnetic field, and V = VA
(
γ0¯ − ωrγ2¯
)
γ5¯.
Let us look for the solution of eq. (3.8) in the form, ψr = [γ
a¯Qa +m− V ] Φ, where Φ
is the new spinor. The equation for Φ reads
[(
∂r +
1
2r
)2
+ (E + Jzω − VV)2 −
(
Jz
r
− VVωr
)2
+
(
VVω +
Jz
r2
)
Σ3
+ 2VAγ
5¯
[(
Jz
r
− VVωr
)
ωr − (E + Jzω − VV) + ω
2
Σz
]
− p2z
+ V 2A
(
1− ω2r2)+ 2mVA (γ0¯ − ωrγ2¯) γ5¯ −m2
]
Φ = 0, (3.10)
where Σ3 = γ
0¯γ3¯γ5¯.
The solution of eq. (3.10) can be found for ultrarelativistic particles. In the limitm→ 0,
we can represent Φ = vϕ in eq. (3.10), where ϕ = ϕ(r) is a scalar function and v is a constant
spinor satisfying Σ3v = σv and γ
5¯v = χv, with σ = ±1 and χ = ±1, since both Σ3 and γ5¯
now commute with the operator of eq. (3.10).
Let us first study left particles, (1 + γ5¯)ψ = 0, corresponding to χ = +1. The case of
right particles with χ = −1 can be studied analogously. Using the new variable ρ = |VL|ωr2
we can write the equation for ϕσ as[
ρ∂2ρ + ∂ρ −
1
4ρ
(
l +
σ
2
sgn(VL)− 1
2
)2
− ρ
4
− 1
2
(
l − σ
2
sgn(VL)− 1
2
)
+ κ
]
ϕσ = 0, (3.11)
where
κ =
1
4|VL|ω
[
E2 + 2E (Jzω − VL)− p2z −m2 + (VL)2 + J2zω2 + VLωσ
]
+
1
2
(
l − σ
2
sgn(VL)− 1
2
)
. (3.12)
In eq. (3.11) we choose Jz = (1/2 − l)sgn(VL), where l = 0,±1,±2, . . . .
Assuming that ϕσ → 0 at r →∞, we get that ϕ+ = IN,s and ϕ− = IN−1,s, for VL > 0,
as well as ϕ+ = IN−1,s and ϕ− = IN,s, for VL < 0. Here N = 0, 1, 2 . . . , s = N − l, and
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IN,s = IN,s(ρ) is the Laguerre function
1. The energy spectrum can be found if we take that
κ = N in eq. (3.12). We can present E is the form,
E = VL +
(
l − 1
2
)
ωsgn(VL)± E , E =
√
p2z +m
2 + 4|VL|Nω. (3.13)
One can see that the neutrino energy depends on the sign of VL. Note that one should
understand m 6= 0 in eq. (3.13) in the perturbative sense.
The total radial wave function ψr can be found in the explicit form if we choose the
spinors vσ as
vT+ = (1, 0, 0, 0) , v
T
− = (0, 1, 0, 0) . (3.14)
In eq. (3.14) we assume that the Dirac matrices are in the chiral representation [17],
γ0¯ =
(
0 −1
−1 0
)
, γk¯ =
(
0 σk
−σk 0
)
, γ5¯ =
(
1 0
0 −1
)
, (3.15)
where σk are the Pauli matrices.
Using eq. (3.14), we get the radial wave functions corresponding to different spin pro-
jections,
ψ±r =
(
0
η±
)
, η+ = Π
(
ϕ+
0
)
, η− = Π
(
0
ϕ−
)
, (3.16)
where
Π =
(
pz − E − Jzω + VL −iR±
−iR∓ −pz −E − Jzω + VL
)
, (3.17)
and
R+ =∂r +
1
2r
+
Jz
r
− VLωr =
√
|VL|ωρ
(
2∂ρ − l − 1
ρ
− 1
)
,
R− =∂r +
1
2r
− Jz
r
+ VLωr =
√
|VL|ωρ
(
2∂ρ +
l
ρ
+ 1
)
. (3.18)
In eq. (3.17) the upper signs stay for VL > 0 and the lower ones for VL < 0.
The properly normalized two component spinors in eq. (3.16) have the form,
η+ = C+
( ∓ [E ∓ pz] IN,s
−2i
√
|VL|ωNIN−1,s
)
, η− = C−
(
2i
√
|VL|ωNIN,s
∓ [E ± pz] IN−1,s
)
, (3.19)
for VL > 0, and
η+ = C+
(∓ [E ∓ pz] IN−1,s
2i
√|VL|ωNIN,s
)
, η− = C−
(−2i√|VL|ωNIN−1,s
∓ [E ± pz] IN,s
)
, (3.20)
for VL < 0. The signs in eqs. (3.19) and (3.20) are correlated with the sign in eq. (3.13).
It should be noted that the spinors η+ and η− in eqs. (3.19) and (3.20) are linearly
dependent as it should be for ultrarelativistic particles. Thus, one can use any independent
pair of η+ and η−. As usual, we shall attribute η− with the upper sign to a particle degree
of freedom and η+ with the lower sign to antiparticles. This choice of independent spinors
1The definition of the Laguerre function is given, e.g., in ref. [11].
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Values of VL,R Allowed value of pz
Left particles
VL > 0 pz < 0
VL < 0 pz > 0
Left antiparticles
VL > 0 pz > 0
VL < 0 pz < 0
Right particles
VR > 0 pz > 0
VR < 0 pz < 0
Right antiparticles
VR > 0 pz < 0
VR < 0 pz > 0
Table 2. Allowed values of pz in the ground state N = 0 for different values of the effective potentials
VL,R for left and right particles and antiparticles.
is convenient for N > 0. If N = 0, one can better use η+ for VL > 0 and η− for VL < 0 as
independent degrees of freedom.
Using the normalization condition for the total wave function,∫
ψ†N,s,pz(x)ψN ′,s′,p′z(x)
√−gd3x = δNN ′δss′δ(pz − p′z), (3.21)
which includes the dependence on pz and φ, we get the coefficients Cσ in eqs. (3.19) and (3.20)
as
C2σ =
|VL|ω
2πE(E ∓ σpz) , (3.22)
which is valid for any sign of VL.
On the basis of eqs. (3.19) and (3.20) one can notice that, at N = 0, pz is correlated
with the particle helicity. Using eq. (3.13) with m = 0 as well as eqs. (3.19) and (3.20), one
can find the possible values of pz at N = 0. For the convenience, they are listed in table 2.
Note that at N > 0, −∞ < pz < +∞.
It should be noted that pz in table 2 is a formal quantum number. The physical value
of pz for antiparticles is opposite to that shown in table 2: p
(phys.)
z = −pz. Otherwise the
electric charge would not be conserved.
Right particles can be treated in the same way as left ones. That is why we just present
only the final results. The expression for the energy has the same structure as eq. (3.13) with
the replacement VL → VR. In eq. (3.16) one has ψ±r = (ξ±, 0)T, where
ξ+ = C+
( ∓ [E ± pz] IN,s
2i
√
|VR|ωNIN−1,s
)
, ξ− = C−
(−2i√|VR|ωNIN,s
∓ [E ∓ pz] IN−1,s
)
, (3.23)
for VR > 0, and
ξ+ = C+
( ∓ [E ± pz] IN−1,s
−2i
√
|VR|ωNIN,s
)
, ξ− = C−
(
2i
√
|VR|ωNIN−1,s
∓ [E ∓ pz] IN,s
)
, (3.24)
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for VR < 0. The argument of the Laguerre functions is ρ = |VR|ωr2 now. The new normal-
ization constant in eq. (3.23) and (3.24) reads
C2σ =
|VR|ω
2πE(E ± σpz) . (3.25)
The signs in eqs. (3.23)-(3.25) are correlated with the signs in the expression for the energy.
As in the case of left particles, for right fermions we have that −∞ < pz < +∞ at
N > 0. The allowed values of pz at N = 0 are shown in table 2.
4 Induced electric current along the rotation axis
In this section we show that there is a nonzero induced electric current flowing along the
rotation axis in the system of electroweakly interacting particles. In our calculation we shall
use the exact solution of the Dirac equation obtained in section 3.
In section 3 we already mentioned that there is a correlation between pz and the he-
licity at N = 0. Thus one expects that there can be macroscopic fluxes of particles in the
rotating matter. Let us first examine this issue for left fermions. We shall calculate the mean
hydrodynamic currents of particles and antiparticles with respect to the coordinates xµ in
the rotating frame. These currents have the form,
jµ
Lf,f¯
=
∞∑
N,s=0
∫
dpzψ¯γ
µ(x)ψρLf,f¯ (E ± VL), (4.1)
where ρL
f,f¯
(E) = {exp(β[E ∓ µL]) + 1}−1 is the Fermi-Dirac distribution for fermions, with
the lower sign staying for antifermions, β = 1/T is the reciprocal temperature of the fermion
gas, and µL is the chemical potential of left particles. The spinor in eq. (4.1) corresponds
to the exact solution of the Dirac equation in eqs. (3.19) and (3.20). Note that, for the first
time, this method for the calculation of the current was proposed in ref. [3].
We will be interested in the expression for jµLf linear in ω. That is why we use E +
VL instead of the total particle energy, cf. eq. (3.13), in the distribution function. The
contribution of the noninertial part of the energy ∼ ωsgn(VL,R)(l − 1/2), see eq. (3.13), to
the currents is computed in appendix A. We should study only j3Lf since it is this component
of the current that is linear in ω.
Using the orthogonality of Laguerre functions,
∞∑
s=0
IN,s(ρ)IN ′,s(ρ) = δNN ′ , (4.2)
as well as eqs. (3.3), (3.7), (3.15), (3.16), (3.19), (3.20), and (3.22) we get that
∞∑
s=0
ψ¯γ3(x)ψ = ±pzE
|VL|ω
π
, (4.3)
where the upper sign stays for particles and the lower one for antiparticles.
On the basis of eq. (4.3) and table 2 we find that only the lowest level N = 0 contributes
to the current. Finally we get that
j3Lf = −
VLω
π
∫ ∞
0
dpρLf (p+ VL). (4.4)
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Analogously to eq. (4.4) we can obtain the following expression:
j3Lf¯ = −
VLω
π
∫ ∞
0
dpρLf¯ (p− VL), (4.5)
which is valid for antifermions.
The contribution to the hydrodynamic current from right femions is analogous to
eqs. (4.4) and (4.5). It is
j3Rf =
VRω
π
∫ ∞
0
dpρRf (p + VR), (4.6)
for particles, and
j3Rf¯ =
VRω
π
∫ ∞
0
dpρRf¯ (p − VR), (4.7)
for antiparticles. Here ρR
f,f¯
(E) are the distributions of right particles and antiparticles which
can be obtained from ρL
f,f¯
(E) by replacing µL → µR, where µR is the chemical potential of
right fermions.
Now, using eqs. (4.4)-(4.7), we can obtain the expression for the third component of
the electric current as J3 = qf
(
j3Lf − j3Lf¯ + j3Rf − j3Rf¯
)
, where qf is the electric charge of
the fermion f including the sign. For example, qe = −e for an electron, qu = 2e/3 for an
u quark, and qd = −e/3 for a d quark. Here e > 0 is the absolute value of the elementary
electric charge. In the expression for J3, we use the convention that the direction of the
electric current coincides with the motion of the positive electric charge. Finally we get for
the electric current,
J =
qfω
π
(VRµR − VLµL) , (4.8)
where we restore vector notations. We remind that in eq. (4.8) we keep only the terms linear
in ω and VL,R. Some details of the derivation of eq. (4.8) from eqs. (4.4)-(4.7) are provided
in appendix A.
We can attribute the existence of the induced electric current in rotating matter, where
the parity violating interaction is present, to the new GRE; cf. section 1.
5 Generation of TMF and magnetic helicity in a pulsar
In this section we apply GRE for the calculation of TMF inside a pulsar. We also briefly
consider the generation of the magnetic helicity in a compact rotating star.
If we consider a rapidly rotating compact astrophysical object, like a neutron star (NS)
or even a hypothetical quark star (QS), then the mechanism described in section 4 will induce
the electric current along the rotation axis of such a star. We shall suppose that this current
forms a closed circuit connected somewhere at the stellar surface. Thus, using the Maxwell
equation (∇ × B) = J, we get that this current should induce a TMF, Btor ∼ RJ , where
R ∼ 10 km is the stellar radius.
It should be noted that a compact star typically has a poloidal magnetic field Bpol,
which is measured in astronomical observations. For instance, the radiation of a pulsar
can be explained by the emission of electromagnetic waves by the rotating magnetic dipole
associated with Bpol, provided there is a nonzero angle between Bpol and ω. However, as
shown in ref. [18], using general arguments for the magnetohydrodynamic equilibrium of an
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axisymmetric NS, a purely poloidal magnetic field configuration turns out to be unstable.
Thus an internal nonzero TMF should exist in a compact star.
Let us first consider the generation of TMF in NS composed of degenerate electrons
and nucleons, like neutrons and protons. In this case u and d quarks are confined inside
nucleons. The typical electron density in NS is ne ≈ 9× 1036 cm−3, which corresponds to the
electron fraction Ye ≈ 0.05. It gives the chemical potential of electrons µe ≈ 125MeV ≫ me.
Therefore electrons are ultrarelativistic whereas neutrons and protons are nonrelativistic.
Note that the nonzero electron mass was shown in ref. [19] to slightly contribute to the
induced electric current. Thus we can assume that electrons are approximately massless in
NS and the results of sections 3 and 4 are valid.
Since the chiral symmetry is unbroken, we can consider left and right chiral projections
as independent degrees of freedom. For simplicity we shall take that left and right electrons
are in equilibrium with µL ∼ µR ∼ µe. The situations, when the chiral imbalance µ5 =
(µR − µL)/2 6= 0 is important in NS, are studied, e.g., in refs. [4, 19]. Since np ≪ nn in NS,
(VL−VR) = GFnn/
√
2 ≈ 12 eV for nn ≈ 1.8×1038 cm−3. Eventually, taking that ω ∼ 103 s−1
and R ∼ 10 km as well as using eq. (4.8), we get that Btor ≈ 2.5× 108G can be generated in
a rotating NS.
The obtained value of Btor is comparable with Bpol . (10
8−109)G in weakly magnetized
old millisecond pulsars [20]. It should be noted that the stability of magnetic fields in NS
can be reached if 0 ≤ Etor/Emag < 0.07 [18], where Etor ∼ B2tor is the energy of TMF
and Emag ∼ (B2tor + B2pol) is the total magnetic energy. Our estimate for Btor satisfies this
criterion.
Let us discuss the creation of TMF in a hypothetical QS. Although QSs have not been
observed yet, their properties are actively studied theoretically [21]. Various models of QS
predict that it consists of free u and d quarks with some admixture of s quarks. After the
analysis of various equations of state of QS matter, the strangeness fraction was found in
ref. [22] not to exceed ∼ 0.3. Thus we can approximately omit the contribution of s quarks
in the calculation of the induced current.
We shall suppose that inside QS we have nu = n0/3 ≈ 0.6×1038 cm−3 and nd = 2n0/3 ≈
1.2 × 1038 cm−3, where n0 ≈ 1.8 × 1038 cm−3 is the nuclear density. At such high densities
the chiral symmetry can be unbroken in QS [23], allowing one to consider the independent
chiral projections of the wave functions of u and d quarks. Therefore we can again use the
results of sections 3 and 4. As in case of NS, we can also assume that left and right quarks
are in equilibrium, µLu,d ∼ µRu,d ∼ µu,d, just for simplicity. Here µu = (1/3)1/3µ0 ≈ 235MeV
and µd = (2/3)
1/3µ0 ≈ 296MeV, where µ0 = 339MeV.
Finally, using, in eq. (4.8), the adopted values of densities and chemical potentials of
quarks, the values of VL,R in table 1 as well as for ω ∼ 103 s−1 and R ∼ 10 km, we get that
Btor ≈ 4.9 × 108G can exist inside a rotating QS. The obtained value of TMF is slightly
greater than Btor for NS. Note that the derived strength of TMF is also in agreement with
stability criterion obtained in ref. [18] for old weakly magnetized millisecond pulsars [20].
It should be noted that, in our estimate of TMF in QS, we account for only (ud) and
(du) contributions to the electric current. Using the analogy of the rotating electroweak
matter with the presence of an effective magnetic field [24] (see also eqs. (3.8) and (3.9) in
section 3) and the results of ref. [25], we get that (uu) and (dd) interactions do not contribute
to the current in eq. (4.8).
We should mention that, in the generation of TMF in a compact star, we discuss a
thermally relaxed stage in the evolution of this astrophysical object. This approximation is
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valid since we consider old millisecond pulsars with ages ∼ (108−1010) yr [20]. It means that
we discard any possible effects related to turbulence which should be treated on the basis of
the Navier-Stokes equation. In our analysis we also do not consider a differential rotation
either.
The creation of TMF in a compact star is closely related to the problem of the generation
of the magnetic helicity defined as
H =
∫
d3x (A ·B) , (5.1)
where A is the 3D vector potential. If there is configuration of magnetic fields in a star con-
sisting of toroidal and poloidal fields, then H in eq. (5.1) has the form [26], H = 2LΦtorΦpol,
where Φtor and Φpol are the fluxes of toroidal and poloidal fields and |L| = 1 is the linkage
number. The magnetic helicity is a conserved quantity in a perfectly conducting medium.
It is this fact which provides the stability of a poloidal field in a compact star. Note that
another mechanism for the generation of the magnetic helicity in a nonrotating NS, based
on the electron-nucleon electroweak interaction, was recently proposed in refs. [4, 27].
6 Pulsar kicks due to the asymmetric neutrino emission
In this section we shall use GRE for the description of the asymmetry in the neutrino emission
from NS. We shall also consider the applicability of our results to explain linear velocities of
pulsars.
It is well established that some pulsars have great linear velocities up to∼ 103 km·s−1 [8].
There are various models for the explanation of this phenomenon based on, e.g., the asym-
metric electromagnetic radiation [28] and the asymmetric explosion leading to the anisotropic
neutrino emission [29]. We also mention ref. [30], where the asymmetry in neutrino oscil-
lations in matter and an external magnetic field was used to account for pulsar kicks. The
idea that anisotropically emitted electrons, owing to CME, pass the momentum to NS, was
discussed in ref. [19]. Nevertheless the origin of peculiar velocities of pulsars is still unclear.
In ref. [9] it was established that linear velocities of pulsars are correlated with their
angular velocities. Thus we may try to apply GRE, which predicts particle fluxes along
the rotation axis, to explain pulsar kicks. However, unlike ref. [19], we shall examine the
possibility of asymmetric neutrino emission since it is not very clear how charged particles
can escape NS.
Using eqs. (4.4) and (4.5), we get the total hydrodynamic current of neutrinos along
the rotation axis as
j3L = GFnn
ωT
π
√
2
F (y), F (y) =
∫ ∞
0
(
1
ex−y + 1
+
1
ex+y + 1
)
dx = 2 ln (1 + ey)− y, (6.1)
where y = (µL − VL)/T and T is the neutrino temperature. To derive eq. (6.1) we take into
account that VL ≈ −GFnn/
√
2 for νe (see table 1) and nn ≫ ne. Note that both µR and VR
are equal to zero for ultrarelativistic neutrinos. That is why we account for the contribution
of only left neutrinos in eq. (6.1).
The more complicated structure of the hydrodynamic current in eq. (6.1) compared to
that of the electric current in eq. (4.8) is owing to the fact that j3
Lf¯
has the same direction
as j3Lf , whereas J
3
Lf¯
is directed oppositely to J3Lf . The function F (y) is plotted in figure 1.
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Figure 1. The function F in eq. (6.1) versus y.
It is interesting to mention that F (0) ≈ 1.4. Thus, there is a nonzero neutrino flux even at
µL = 0.
The simulations carried out in ref. [31] show that there is a significant nonzero neutrino
asymmetry ∆nνe = nνe − nν¯e , owing to direct Urca processes, which lasts up to t1 ∼ 0.1 s
after the onset of the supernova collapse. When 0 < t < t1, the typical neutrino energy
Eν ∼ 10MeV and chemical potential of νe is µL ∼ 10MeV [32]. At t1 < t . t2 ∼ 102 yr other
neutrino species start to be emitted resulting in the diminishing of µL. When t2 . t . t3 ∼
106 yr only νν¯ pairs can be emitted in modified Urca processes [33] leading to µL = 0. For
simplicity we shall assume that T ∼ 108K = const and Eν ∼ 10 keV [33] at this stage of the
NS evolution.
The total momentum carried away by neutrinos during the time interval ∆t is P ∼
j3EνS∆t, where S = πR
2 is area of the equatorial cross section of NS and and R ∼ 10 km
is the NS radius. Using eq. (6.1), one gets that the greatest P is achieved at t2 . t . t3.
As a result, NS will get a recoil velocity v = P/M , where M is the NS mass. We shall take
M = 1.44M⊙, whereM⊙ ≈ 2×1033 g is the solar mass, to get the upper bound for v. Taking
that ω ∼ 103 s−1, we get that v ∼ 10−16 cm · s−1. The obtained value is sure to be beyond
the possibility of modern astronomical observations. Therefore, despite there is a nonzero
anisotropy in the neutrino emission in NS owing to GRE, this effect is unlikely to result in
any testable phenomena.
7 Discussion
In conclusion we note that in the present work we have studied the evolution of particles,
involved in the parity violating electroweak interaction, in the rotating matter. In section 3,
we have obtained the new exact solution of the Dirac equation for a test ultrarelativistic
particle, which account for the noninertial effects. Then, in section 4, we have computed
the induced electric current along the rotation axis on the basis of the exact solution of the
Dirac equation. In section 5, we have applied our results for the generation of TMF and
the magnetic helicity in compact rotating stars. Finally, in section 6, we have considered the
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production of the anisotropy in the neutrino emission from NS, owing to GRE, and examined
the applicability of this effect for the explanation of peculiar velocities of pulsars.
Several new results have been obtained in this work. Firstly, we mention that the
vierbein vectors in eq. (3.3) have never been used previously in the Dirac eq. (3.2), which
accounts for the electroweak interaction with background matter in curved space-time. An-
other veirbein was recently used in ref. [11]. However, the choice of the vierbein in the present
work is likely to be more appropriate for ultrarelativistic particles in a rotating frame. In
particular, here we have obtained the correct form of the “centrifugal” energy, or the energy
of the rotation—angular momentum coupling, Ecf = −(J · ω); cf. eq. (3.13). The obtained
expression for Ecf coincides with the result of ref. [34] derived on the basis of the general
analysis. The form of Ecf obtained in ref. [11], where another vierbein was used, is slightly
different. Therefore, the vierbein adopted in ref. [11] is likely to be more appropriate for the
description of nonrelativistic particles in a rotating frame; cf. ref. [35].
Secondly, we have predicted the new GRE. This effect consists in the appearance of
the electric current in the rotating matter composed of massless particles involved in the
parity violating electroweak interaction. This electric current flows along the rotation axis.
The new GRE is analogous to CME, known in QED, which consists in the generation of the
electric current of massless charged particles along the external magnetic field [2, 3]. It should
be noted that, for the first time, the analogy between the motion in a rotating electroweak
matter and in an external magnetic field was mentioned in ref. [24].
Note that the appearance of the electric tension in a rotating conductor owing to the
noninertial effects was also discussed in ref. [36]. The electric tension, predicted in ref. [36],
is induced mainly by the Coriolis force acting on charged particles in a rotating conductor.
If ω is chosen along the z-axis, this tension is found in ref. [36] to be along the azimuthal
direction. In our case, the electric current is owing to both the matter rotation and the
presence of the parity violating electroweak interaction. We predict that the induced electric
current flows along the rotation axis.
We have used the solution of a Dirac equation in the rotating frame for the calculation of
the induced electric current. It means that this current flows inside the rotating matter since
the quantum states of charged particles are measured by a corotating observer. For example,
if one used the wave functions obtained in ref. [37], although they look similar to those
in eqs. (3.19) and (3.20), we would get the electric current with respect the a nonrotating
observer, which cannot be applied for the generation of the internal TMF.
We have used the calculated electric current to generate TMF and the magnetic helicity
inside a rotating compact star, like NS or QS. The strength of TMF generated turned out
to be moderate, Btor & 10
8G, for both NS and QS. However, such TMF is comparable with
a poloidal field in weakly magnetized old millisecond pulsars [20]. Note that the obtained
strength of TMF is in agreement with a criterion for the magnetic field stability derived in
ref. [18]. It should be noted that our model for the generation of TMF does not require the
existence of a significant chiral imbalance between left and right charged particles. Such an
imbalance is essential if CME is used to create TMF; cf. ref. [19].
Finally, in section 6, we analyzed the possibility to apply GRE to explain linear velocities
of pulsars by the asymmetric neutrino emission from a rotating NS. We have estimated the
total neutrino flux along the rotation axis as well as the recoil velocity of NS. It turned out
that a pulsar kick caused by GRE is outside the observationally tested region.
At the end of this section we should make a comment on the influence of nonzero
masses of charged particles on the generation of an electric current in a rotating star. It was
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mentioned in ref. [19] that the value of the current, induced by CME, slightly diminishes if a
small, compared to the energy, but nonzero electron mass is accounted for. A more detailed
analysis of the influence on the current, induced in frames of CME, from nonzero masses of
flavored fermions, in case of strong interactions, was made in ref. [38]. It was shown in ref. [38]
that CME disappears only in the great masses limit. The effect of the nonzero electron mass
on the generation of strong magnetic fields in magnetars was also studied in ref. [39].
We should mention that, in case of GRE, a nonzero current in eq. (4.8) exists even at
zero chiral imbalance: µ5 = 0. Therefore, even if an initial µ5(0) 6= 0 is washed out owing
to spin-flip processes taking place at a nonzero mass, as predicted in refs. [4, 27, 39], the
current will be nonzero due to V5 = (VL− VR)/2 6= 0. For example, in section 5, we assumed
that µ5 = 0 to simplify the estimates. In the model for the generation of strong magnetic
fields in magnetars, elaborated in refs. [4, 27], µ5 ∼ −V5 appears inside NS in the course of
the magnetic fields evolution. In this case, our estimates for Btor obtained in section 5 will
slightly change since µR 6= µL.
GRE at V5 6= 0 and µ5 = 0 is likely to exist in all particular cases we considered in the
present work since we discussed ultrarelativistic particles having mf/〈Ef 〉 ≪ 1, where mf
is the fermion mass and 〈Ef 〉 is the typical fermion energy. Nevertheless, a more detailed
quantum field theory analysis of this fact, like in ref. [38], is required.
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A Details of the electric current calculation
In this appendix we derive the electric current in eq. (4.8) and discuss the approximations
made.
Let us first consider left fermions. Using eq. (4.1), one gets that the contribution of
particles and antiparticles to the electric current along the rotation axis is
J3L = qf
∞∑
N,s=0
∫
dpz
[
ψ¯fγ
µ(x)ψfρ
L
f (Ef )− ψ¯f¯γµ(x)ψf¯ρLf¯ (Ef¯ )
]
, (A.1)
where Ef,f¯ = E ±VL±ωsgn(VL)(l−1/2) are the energies of particles and antiparticles, which
also include Ecf = −(J · ω), and ψf,f¯ are the wave functions of particles and antiparticles.
Assuming that E ≫ |Ecf |, we can expand the distribution function in eq. (A.1) in a
series
ρLf (Ef ) = ρ
L
f (E0)−
ωsgn(VL)l
′
T
exp(E0)
(exp(E0) + 1)2
+ . . . , (A.2)
where E0 = E ±VL∓ωsgn(VL)/2 and l′ = l for the upper sign in E0 or l′ = l−1 for the lower
sign in E0. One can write down the decomposition of ρ
L
f¯
(Ef¯ ) analogous to that in eq. (A.2).
Using the explicit form of the wave functions in eqs. (3.19) and (3.20) and the known
sum involving the Laguerre function [40],
∞∑
s=0
(s−N)I2N,s(ρ) = ρ, (A.3)
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we get that accounting for Ecf is equivalent to the replacement µL → µ′L = µL + (ωr)2VL.
Here we neglected terms ∼ ω3. In fact, the terms ∼ (ωr)2 are the noninertial contributions
to the electric current.
Thus the ground state N = 0 contribution to J3L in eq. (A.1) takes the form,
J3L = −qf
ωVL
π
∫
dp
[
ρLf (p+ VL)− ρLf¯ (p− VL)
]
, (A.4)
where we should use µ′L instead of µL. Introducing the new variables x = p/T and y =
(µL − VL)/T in eq. (A.4) and using the identity∫ ∞
0
(
1
ex−y + 1
− 1
ex+y + 1
)
dx = y, (A.5)
and eq. (A.4), we get that J3L = −(qf/π)ωVL(µ′L − VL). The contribution of right fermions
can be obtained analogously. It is interesting to mention that the electric current obtained
does not depend on the plasma temperature.
In section 5 we use the following values of the parameters: µL,R ∼ 102MeV, VL,R ∼
10 eV, ω ∼ 103 s−1, and r < R ∼ 10 km. Therefore, one gets that µL,R ≫ VL,R ≫ (ωr)2VL,R.
Taking into account these estimates we arrive to eq. (4.8).
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